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ABSTRACT 

We construct the Bousfield-Kan completion with respect to a triple, for a model 
category. In the pointed case, we construct a Bousfield-Kan spectral sequence that 
computes the relative homotopy groups of the completion of an object. 

These constructions are based on the existence of a diagonal for the cofibrant- 
replacement functor constructed using the small object argument. 

A central result that wc use, due to Dwycr, Kan and Hirschhorn, is that in a 
model category homotopy limits commute with the function complex. 
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Introduction 



The Bousfield-Kan Z/p completion of simplicial sets is a very useful tool in 
Homotopy Theory. Naturally enough, it is important to be able to mimick its 
construction in other contexts, for example for simplicial commutative algebras, 
simplicial groups, etc. 

In these notes we generalize Bousfield and Kan's approach and construct, with 
respect to a triple, a completion functor in a model category. In the case the 
model category is pointed, we also describe a Bousfield-Kan spectral sequence that 
computes the relative homotopy groups for the completion. 

An important technical point in the constructions we perform is the existence of 
a diagonal for the cofibrant-replacement functor constructed using the small object 
argument. In fact, we also show that if all acyclic fibrations are monomorphic then 
the small object argument can be changed (made "less redundant") so that the 
fibrant-replacement functor it constructs carries a codiagonal (i.e. a multiplication). 

As for the general model category theory needed to understand these notes, 
we sytematically use that homotopy limits commute with the function complex 
(see Chap. [U Sec. II. 3p . This result, due to Dwyer, Kan and Hirschhorn, allows 
us to prove general statements about model categories by just reducing them to 
statements about simplicial sets. 



The classical approach to completion due to Bousfield and Kan will not immedi- 
ately work for the case a model category. To explain, let us recall the Bousfield-Kan 
completion of simplicial sets, and then, as an example, let us see what changes need 
to be made to perform the same construction for simplicial commutative algebras. 

Fix some notations: sSets denotes the category of simplicial sets, and sSets^: 
the category of pointed simplicial sets. Both of sSets, sSets^ are model categories, 
in a standard way. Also, let i? be a commutative ring, for example Z/p or Z. 

If X. e Ob{sSets4,) is a pointed simplicial set, denote by RX. the free simplicial 
i?- module on X. , modulo the simplicial submodule generated by the basepoint. 

The functor R : sSets^, — > sR-mod is part of a triple (i?, M) 

X. RX. R^X. 

where v is given by the unit of R, and M by multiplication in R. 

One forms the standard cosimplicial pointed space associated to the triple 
(i?,j.,M) 

(1) RX.^^R^X.^^R^X. ... 
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The completion of X. is defined as tot of the standard cosimpHcial pointed 
space ((!]). 

Two things make this construction behave well from a homotopy theoretic 
point of view. First, RX. (and R^X.) depend only on the pointed homotopy type 
of X. Second, the standard cosimplicial pointed space ([!]) is Reedy fibrant, so tot 
computes the homotopy limit of the cosimplicial pointed space, seen as a diagram 
of pointed spaces over the category A. 



Let us see what happens when we perform a similar construction for simplicial 
commutative algebras. Details and a more general treatment of this example can 
be found in Chap. [H Sec. [HI 

We fix a field k and denote by Ak the category of simplicial augmented k- 
algebras - Ak is a pointed model category, in a standard way. 

Consider the adjoint pair {Ah, i) given by the pair abelianization in the category 
Ak, embedding of the category AhAk of abelian objects of ^Ifc into Ak 

Ab : Ak ( > AbAk : i 

Denote R = i o Ab : Ak — > Ak ■ R can be thought of as the abelianization 
functor, seen as a functor from the category Ak to itself. 

R is part of a triple {R,v,M), and for a simplicial algebra X. e ObAk one 
forms as before the cosimplicial object ([T]) (this time, it is a cosimplicial object in 
the category Ak)- 

The crucial problem is, if X. ^ F. is a weak equivalence, then RX. RY. is 
not necessarily a weak equivalence as well. Thus, the cosimplicial object ([T]) does 
not have the right homotopy theoretic meaning anymore. If X., Y. are cofibrant 
and X. — > y. is a weak equivalence, then RX. RY. is an equivalence. 

We resolve this problem in the following way. 

We take the cofibrant replacement functor (S*, e) constructed by the small object 
argument in yi^ 

SX^:r^X 

and give it a codiagonal, turning it into a cotriple {S, e. A) (see Chap. [1] Sec. [1]). 

Then we mix this cotriple with the triple (i?, v, M) to form the "correct" cosim- 
plicial object 



SRSX , ^ SRSRSX , ^ SRSRSRSX ... 
^ ^= 

(see Chap. [U Sec. |4]for details on this construction). We denote this cosimplicial 

object by 5i'g{X). 

We define the Bousfield-Kan completion of the algebra X. just as an object in 
the homotopy category ho^lfc, as the homotopy limit of the diagram Jlg{X.) 

X^^ = RlimD?;g(X.) 



INTRODUCTION 
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We have seen that the classical approach to construct the Bousfield-Kan com- 
pletion needs to be adjusted for the case of a triple in a model category. The same 
is true for the Bousfield-Kan spectral sequence. 

In the case of completion of simplicial sets, the Bousfield-Kan spectral sequence 
is obtained as the "classical" homotopy spectral sequence of the cosimplicial pointed 
space given by ([!]), and it computes the homotopy groups of the completion tt* (Xj^). 

For the example of simplicial algebras, we can construct a spectral sequence 
from scratch. In the cosimplicial object 'Jlc;{X.), forget the algebra structure to 
obtain a cosimplicial pointed space, and take the homotopy spectral sequence of 
that cosimplicial space. This spectral sequence will compute the homotopy groups 
of the completion 7r*(X^fj). 

Let us outline the construction of the Bousfield-Kan spectral sequence for the 
case of a triple in a pointed model category. 

Let M be a pointed model category and X' a cosimplicial object in M. We 
define the homotopy spectral sequence of X' (see Chapter ^ as the "classical" 
homotopy spectral sequence of the cosimplicial pointed space Horn* (II/, X'), where 
W € ObM. is fixed. Hom*(-,-) denotes the pointed function complex (see Chap. [2l 
Sec. II. 4p . The homotopy spectral sequence computes the relative homotopy groups 
with coefficients in W of the homotopy limit Rlim^ X\ that is, 

7r*(Hom*(II^,Rlim'^X')) 

The Bousfield-Kan spectral sequence is defined as the homotopy spectral se- 
quence of the cosimplicial object IRg(X). Observe that the Bousfield-Kan spectral 
sequence computes the relative homotopy groups of the completion X^. 



Organization of the paper. Chapter [T] describes, for a triple in model cate- 
gory, the construction of the Bousfield-Kan completion, and, in the case the model 
category is pointed, the construction of the associated Bousficld-Kan spectral se- 
quence. 

Chapter [2] should be considered as a reference for general model category theo- 
retic results needed throughout these notes, and it contains the construction of the 
homotopy spectral sequence of a cosimplicial object in a pointed model category. 

Appendices El |B] and [C] contain results needed in order to prove that the 
Bousfiel-Kan completion is independent of the choice of the cofibrant-replacement 
cotriple (as defined in Chap. [1] Sec. [3]) used in its construction. 
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CHAPTER 1 



The Bousfield-Kan Completion 



In this chapter we investigate the Bousfield-Kan completion with respect to 
a triple in a model category. In the particular case when the model category is 
pointed we describe an associated Bousfield-Kan spectral sequence. 

To be able to perform the Bousfield-Kan completion, the model category needs 
to have a cofibrant-replacement functor carrying a diagonal. Sections [T] - [3] in- 
vestigate the existence of a diagonal for a cofibrant-replacement functor (and the 
existence of a codiagonal for a fibrant-replacement functor). 

In detail, here is what Chapter [T] contains: 

In Section [Jl we construct a diagonal for the cofibrant replacement functor 

constructed with the small object argument in a cofibrantly generated model cate- 
gory. This diagonal turns {S,e) into a cotriple (S*, e. A). 

In Section [21 we deal with the fibrant replacement functor. For a cofibrantly 
generated model category with the property that all acyclic cofibrations are mono- 
morphisms, we modify the small object argument to construct a fibrant replacement 
functor (T, v) 

X^^TX 

that admits a codiagonal (or multiplication), effectively turning (T, v) into a triple 
{T,v,M). The proofs are not dual to those of Sec. [l] but the end result mirrors 
the one of Sec. [T] 

In Section [3l we abstract the constructions in the previous two sections, and 
define cofibrant-replacement cotriples. 

Bousfield-Kan completion can be constructed for model categories that have 
at least one cofibrant-replacement cotriple. Cofibrantly generated model categories 
have cofibrant-replacement cotriples (by Sec. [1]), and if all their acyclic cofibrations 
are monomorphic they also have fibrant-replacement triples (by Sec. [2]). 

Section |4] describes a category theoretic construction, needed later for the con- 
struction of the Bousfield-Kan completion. For a category 6, given a cotriple 
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(5,6, A) and a triple (i?, i^, A/), we construct an augmented cosimplicial object 
in 6, by mixing the structure maps of our cotriple and triple 



^'s{X): SX > SRSX SRSRSX SRSRSRSX . . . 



We denote Ji'g{X) the cosimplicial part of JlsiX), obtained by dropping the aug- 
mentation SX. 



In Section [5l we define the Bousfield-Kan completion with respect to a triple 
{R, ly, M) in a model category M. For that, we assume that M has at least one 
cofibrant-replacement cotriple (5, e, A), and we assume that R takes weak equiva- 
lences between cofibrant objects in M to weak equivalences. 

The Bousfield-Kan completion X^ of an object X is defined as the homotopy 
limit of the cosimplicial diagram Jlc;{X) : 

X^ = mimJl'siX) 

We prove that the completion does not depend on the choice of the cofibrant- 
replacement cotriple (5, e, A). 



In Section [5T2j in the particular case when the model category is pointed, we 
construct the Bousfield-Kan spectral sequence, that computes the relative homo- 
topy groups of the completion of an object. The Bousfiled-Kan spectral sequence 
is obtained by just taking the homotopy spectral sequence (developed in Chapter 
[2]) of the cosimplicial object Jig{X), and ultimately turns out to be from E2 on 
independent on the choice of the cofibrant-replacement cotriple {S, e. A). 



In Section[ni as an example, we describe the completion of simplicial commuta- 
tive algebras with respect to certain triples that arise form adjoint pairs of functors 
between simplicial algebras and simplicial modules. This example will include the 
completion with respect to the abelianization of simplicial commutative algebras. 

If fc is a field, we conjecture that connected simplicial augmented fc-algebras are 
complete with respect to abelianization, and the associated absolute Bousfield-Kan 
spectral sequence is convergent. 



1. A DIAGONAL FOR THE COFIBRANT-REPLACEMENT FUNCTOR 

1. A Diagonal for the Cofibrant-Replacement Functor 
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In this Section, for the fibrant-replacement functor (S, e) constucted via the 
small object argument in a cofibrantly generated model category 

we will construct a diagonal A, which will turn the fibrant-replacement functor 
{S, e) into a cotriple (5*, e, A) 

S^X SX X 

To construct A, we need to understand the details of the small object argument. 
Assume that M is a cofibrantly generated model category, and fix a generating set 
of cofibrations 

{ Ai)-^^ Bijiel 

Relative /-cell complexes are defined (Hirschhorn, [9]) as transfinite composi- 
tions of pushouts of elements in 

{ Ai^-^ Bijiel 

(Hovey, |10j calls relative /-cell complexes "regular /-cofibrations") 
Our assumptions about { Ai) — Bi are that: 

- The class of retracts of relative /-cell complexes coincides with the class 
of cofibrations of M. 

- There exists a regular ordinal A such that each Ai is A-small relative to 
the subcategory of cofibrations of M. 



1.1. The Small Object Argument. Let us start by recalling the small ob- 
ject argument. Denote the initial object in M. 
The cofibrant replacement functor {S,e) 

sx—^x 

is constructed as 



= 5'o^ > SiX > > SpX > > SX = colim^<^ SpX 




where: 

- colim''^^ are indexed by ordinals /?, with P < \ 

- If /? < A is a limit ordinal, SpX — colim'^ Sfj^X and efi = colim'' ^^^fi' 

- If /3 -I- 1 < A , then Sf^X) >■ Sp+iX is a pushout of a sum of copies of 

the generating cofibrations 
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form 



U A, 



In the diagram above, D^(X) is the set of all commutative diagrams of the 




e/3 



with iel. We denote t^_^' : S^X — > SpiX and rg : SpX — > SX the natural 
maps. 

(S*, e) is indeed a cofibrant-replacement functor. The object SX is cofibrant, 
as a transfinite composition of cofibrations starting from the initial object. The 
natural map e is an acyclic fibration, because it has the right lifting property with 
respect to the generating cofibrations 

{ Ai>-^Bi}i^i 

1.2. Constructions needed for the diagonal. Having constructed the cofi- 
brant replacement functor (S", e), we want to construct on top of {S,e) a cotriple 
(5, e, A). In order to construct the diagonal A, we have to go through a series of 
three intermediary constructions. 

Construction 1.1. For any maps a, b that make commutative the diagram 
with full arrows 




construct the map L^^^{a, b) as the composite 



S0+1Y 
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where inca.b is the inclusion into the a, 6-th factor. 



The map L^^^{a, b) makes the extended diagram commutative, and it is natural 



in Y. 



Construction 1.2. For any maps a, b making commutative the diagram with 
full arrows 



'^13.13+1 



> ^p+l^ 




construct the map Lfj^i{a,b) as follows. Sp-^-iX is a pushout of SpX, and many 
copies of Bi, i € I. Define L/3+i(a, b) on SpX as T/j^/j+ia, and define it on the copies 
of Bi using Construction ll.il 



Lp+i{a,b) makes the extended diagram commutative, and it is natural in X 
and Y. 

Given any map / : X — > Y, note that in the diagram 



SpX^^SpY 



Si3+iX 4 Sp+iY 




Y 



the following relation holds: Lf3+i{Sf3f, f^p+i) = S'/s+i/. 
Also, observe that in the diagram 



SpX 



S/3+iX 



-^S^Y 



4 Sb+iY 



i/3+l(a',6') 




Y ^ Z 

we have the "associativity" relation 

Lf3+i{a'a,b'Lf3+i{a,b)) = Lp+i{a' ,b')Lp+i{a,b) 



16 



1. THE BOUSFIELD-KAN COMPLETION 



Construction 1.3. For any map b : SX — > Y, construct a lift L{b) 



L{b) 

SX--^SY 



as follows. By transfinite induction on /? < A, for any map hp in the diagram 



SpX- ^ -^SpY 



Y 



construct a map Vp{bi3), by taking £o(&o) to be the identity map of the initial object, 
and using Construction 11.21 at the succesive ordinal inductive step to construct 

ij3+l(fe/3+l) = L/3+l(Lj^(6/3+lT^,/3+l), 6/3+1). 

Define L{b) as Ll{b), as a particular case of for (3 = X. 



The map L(b) is natural in X and Y , and satisfies 

(2) eL{b) = 6 

Given any map / : X — > Y, observe that in the diagram 

sf 

SX--^SY 



the following relation holds: 

(3) Life) = Sf 

Also, in the diagram 

L(b) L(b') 

SX - - ^ SY - - ^ SZ 



Y Z 

the associativity relation holds: 

(4) L{b'L{b)) = L{b')L{b) 
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1.3. The cotriple (S*, e, A). We construct the diagonal A as A = L{ids), 
usmg Construction [TT3l in the diagram 




The cotriple axioms eS o A = ids, Se o A = ids and SA o A = AS' o A are 
satisfied because of the two "unital relations" ^ and the associativity relation 
©• 

It is worth to observe that giving {S, e) a cotriple structure (5, e, A) is in fact 
equivalent to constructing L{-) satisfying the unital eL{b) = b, L{fe) = Sf and 
associative L{b'L{b)) = L{b')L{b) relations. This is because given the cotriple 
(S, e, A) we reconstruct L(-) by L{b) = Sb o A, for b : SX — >Y. 

The equivalence between cotriple structures on (S, e) and unital and associative 
L{-) is related to the Kleisli category associated to a cotriple, cf. Mac Lane [llj . 
VI.5 Thm. 1. 



2. A Codiagonal for the Fibrant-Replacement Functor 

In the previous Section we showed that in a cofibrantly generated model cate- 
gory, the cofibrant-replacement functor constructed using the small object argument 
carries a cotriple structure. It is natural to ask if the dual is true for the fibrant- 
replacement functor: does the fibrant-replacement functor constructed using the 
small object argument carry a triple structure? 

The answer is no, but interestingly enough, if the model category is cofibrantly 
generated and if all acyclic cofibrations are monomorphisms then there is a vari- 
ation ("less redundant") of the small object argument that constructs a fibrant 
replacement functor that carries the structure of a triple. 

Throughout this Section, M is a cofibrantly generated model category for which 
all acyclic cofibrations arc monomorphisms. We will start this Section with the 
description of the less redundant version of the small object argument, constructing 
a fibrant-replacement functor (T, v) 

X^^TX 

This construction is based on our extra hypothesis that all acyclic cofibrations are 
monomorphic. In the second half of this Section we will construct on top of (T, v) 
a triple {T,v,M) 

X TX T^X 



Fix a generating set of acyclic cofibrations 
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(all are monomorphisms). 

Our assumptions about { A^) — Bi }iei are now that: 

- The class of retracts of relative /-cell complexes coincides with the class 
of acyclic cofibrations of M. 

- There exists a regular ordinal A such that each Ai is A-small relative to 
the subcategory of acyclic cofibrations of M. 

2.1. Small Object Argument, with less redundancy. We construct (T, v) 
as the transfinite composition 

1/ : X = ToX > TiX y > TpX ^ > TX = colim^<^ T^X 

where: 

- If /3 < A is a limit ordinal, T^X = co\mi^'<'^Tp,X 

- If /? + 1 < A , then T^X) — ^ T/j+iX is a pushout of a sum of copies of 
the generating cofibrations 



U Ai 



U Bi 



-^TffX 



-^T0+iX 



The difference between our approach and the usual small object argument 
lies in what D'^{X) is. In our case T>'^{X) is the set of all maps Ai — > TjsX 
{id) that do not admit a lift 

TfrX 



for some /3' < /3. 



TX. 



Denote the maps ■ X)^-^ — y TpX ; we have v = colim'^^'^ up. 
Denote the maps rpi^jp : Tfj/X — > T^X , and the maps rp : T/jX 



To prove that (T, v) is a fibrant replacement functor, we first perform the 
following construction: 



Construction 2.1. For any map a in the diagram 
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(a) 



we will construct a map if^^(a), so that the diagram is commutative. 
If a is in 'D'fiiX), define Lf+^(a) as the composite 



where mca is the inclusion into the a-th factor. 
If a is not in T)'p{X)^ it factors as 



-4 Tp+iX 



A,, 



Tp,X 



-^TpX 



for a minimal ordinal /3', (3' < (3. Note that the map a' is unique, because of our 
assumption that all acyclic cofibrations are monomorphic (so rpi is a monomor- 
phism). 

We have that a' e 'D'p^X). Define L^^^{a) as the composite 



B, 



where inca' is the inclusion into the a'-th factor. 



We will give next a functor structure to (see Section 12.21) . Based on the 
functor structure of Tp, we will notice that the map Lf^^(a) of Construction 12.1 
is natural in X (see Lemma 12.31) . Finally, we will show that {T, v) is a fibrant- 
replacement functor. 



2.2. Punctoriality. Suppose we have a map X 



f 



Y . For /3 < A we 



construct maps T/jX 



-^TfjY by transfinite induction on /?. 

If /5 is a limit ordinal, define Tpf = co\iu\^' <^Tp, } . 
If T^/ was defined, we construct T^+i/ as follows: 

For any map — ^ TpX in Ti'piX), Construct ion l2.1l in the diagram 



A, TpX — ^ TpY 



Br -^Tp+iY 
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yields a map L^^^lTpf o a). Recall that Tfj+iX is defined as the pushout 



Tp+iX 



We define the map Tp^if : Tp^iX Tp^iY by glueing the two maps 

U Lf+\Tpfoa) : U Tp+.Y 
along U ^i- Observe that T^+i/ makes the diagram below commutative 

TpX _JlL^ TpY 



Tp+,X—^Tp+,Y 



This constructs on objects and on maps, for any ordinal f3, f3 < X. Not 
surprisingly, T/s is a functor, as proved in the next Lemma: 

Lemma 2.2. In the construction above, Tp : M — > M is a functor, and the 
maps Vfj, V , Tpi^p and Tp are natural, for any (3' < (3 < \. 

Proof. The essential step is to prove that T/j+i is a functor when we know 
that Tpi are functors and that rg/.^ are natural maps, for all /?' < (3. 

Given two maps X — - — > Y — - — > Z one has to show that Tpj^i{gf) = T^+igo 
Tp^if . This follows from how Tpi , /?'</?+ 1, are defined on maps. Wc omit the 
details. □ 



The problem with the Construction 12.11 was that, at the time we defined the 
construction, we did not know that Tp was a functor - because we used Construction 
2.1l to constuct T[3 as a functor. Since we now know the functor structure of Tp, we 
are ready to prove naturality for the Construction [2T] 

Lemma 2.3. The map L^^^{a) of Construction [2A\ is natural in X. 

Proof. Consequence of how the functor Tp is defined on maps, and of the fact 



that all acyclic cofibrations are monomorphic. 



□ 



At this stage, it is easy to show that the functor T we constructed and the 
natural map v form a fibrant replacement functor (T, i^): 
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Theorem 2.4. The natural map X> — z — TX is a trivial cofibration, and TX 
is fibrant for any X . 

Proof. The map v is an acyclic cofibration, as a transfinitc composition of 
acyclic cofibrations. TX is fibrant for any X, because by Construction 12.51 below it 
has the right lifting property with respect to all the generating acyclic cofibrations 

{ A,y^^ Bi}iei 

□ 

To complete the proof of Theorem 12.41 we perform 
Construction 2.5. For any map a in the diagram 

A, 




construct the map Li (a) as follows. 

Since Ai is A-small relative to the subcategory of acyclic cofibrations of M, the 
map a factors as 

ag 

A, - -% TpX 




TX 



for a minimal ordinal (3, (3 < X. Observe that the map is unique, since is 
monomorphic. 

Using Construction 12. 5[ we get a map if^^(a^) : Bi Tp+iX. We just define 
L,{a) as Tp+iL^+\ap) : B.^TX : 

A, "-^TpiX) 

B, J' '^'"S Tp+iX 
TX 

The map Li(a) just constructed is easily seen to be natural in X. 




0+1 



i.(a) 
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2.3. Constructions needed for the codiagonal. Wc build our way up to 
the construction of the triple (T, z/, M), by doing two more constructions. 

Construction 2.6. For any map a in the diagram 




Tp+,X----,TY 

we will construct a map Lfj+i{a) that makes the diagram commutative. 

Tp+iX is a pushout of TpX and of many copies of Bi, i Cz I. Define Lf3+i{a) 
as a on TpX, and via Construction [^31 for each copy of Bi in the pushout. 

The map L^+i(a) is natural in X, Y. Given any map / : X — > Y, in the 
diagram 



TfiX — ^ TpY 



Tp+iX -iiii Tp+^Y 



i/3+l(a) ^ 



Tfl + l 



TY 



we have that Lp+i{Tp o Tpf) = rp+i o Tp+if. 

Construction 2.7. For any map a in the diagram below, we will construct a 
map L{a) 



X 




TX- - ^TY 

L{a) 

that makes the diagram commutative. To that end, for any (3 < \ and any map a 
in the diagram 



X 




we construct a map ^^3(0) that makes the diagram commutative, by transfinite 
induction on (3. We define L^(a) = a, and for the succesor ordinal induction step 
we use Construction 12.61 to define L^_,_-^(a) — L p+i{L^p{a)) . 
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We construct L{a) = L"(a), as a particular case of the map L'^ for (3 = X. 
The map L{a) is natural in X and Y , and satisfies 
(5) L{a)v = a 

Given any map / : X — > Y , in the diagram 



it is easy to prove the relation 



X 



TX--^TY 

Tf 



(6) 



The map L{a) has another important property. In the diagram 



X 



Y 



TX- -;^TY- -,^TZ 

L(a) L{a') 

we have that the associativity relation holds: 



(7) 



L{L{a')a) = L{a')L{a) 



To prove associativity, one uses the following series of three intermediary results. 
First, in the diagram 



Y 



Bi >TY >TZ 

Li{a) L{a') 

we have that Li{L{a')a) = L{a')Li{a). Second, in the diagram 




TfiX 



Y 




Tf3+iX - - -^TY- -T.^TZ 

L0+i{a) L{a ) 



we have that Z//3+i(i(a')a) = Z/(a')L/3+i(a). Third, in the diagram 
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X Y 




we have that L'jj{L{a')a) = L{a')LPp{a). 

2.4. The triple {T,v,M). M is constructed as M ~ L{idT) in the diagram 



TX 




The triple axioms for (T, i^, M) are verified by arguments dual to those of Section 
11.31 using Construction l2.7l and the two unital (l6|), ([5|) and associativity (O relations. 

Giving {T, v) a triple structure (T, v, M) is equivalent to constructing L{-) 
satisfying the unital L{a)v — a, L{vf) — Tf and associative L{L{a')a) — L{a')L{a) 
relations. This is because from the triple (T, ly, M) we can reconstruct L{-) by 
L{a) = M oTaJoi a: X — > TY . 



3. Cofibrant-Replacement Cotriple. Fibrant-Replacement Triple. 



In order to construct the Bousfield-Kan completion with respect to a triple 
in a model category, we need to have at least a cotriple {S, e, A) such that {S, e) 
is a cofibrant-replacement functor (we name such a cotriple (5*, e, A) a cofihrant- 
replacement cotriple). This Section contains the necessary definitions, and sums up 
the results we proved in the previous two sections. 

Definition 3.1. In a model category M, a cofibrant-replacement cotriple 
(S,e,A) 

S^X SX X 
is a cotriple such that e is a weak equivalence and SX is cofibrant, for any X . 

Observe that: 

- We do not ask e to be a fibration. 

- By the 2/3 axiom in M, because of the cotriple structure, A is an equiv- 
alence as well. 

- If all objects in M are cofibrant, the identity cotriple is a cofibrant-replace- 
ment cotriple. 



4. THE MIX OF A TRIPLE WITH A COTRIPLE 



25 



- In Section [1] if M is cofibrantly generated, we showed that the smaU 
object argument gives actuaUy a cofibrant-replacement cotriple. A differ- 
ent choice of generating cofibrations yields generaUy a different cofibrant- 
replacement cotriple. 

- Dualizing the result of Section[2l if M is fibrantly generated and its acyclic 
fibrations are epimorphisms, then cofibrant-replacement cotriples exist, 
constructed using the "less redundant" small object argument. 

We summarize the results proved in Sections [l] [2] as: 

Theorem 3.2. //M is either cofibrantly generated, or if all acyclic fibrations 
are epimorphisms and M is fibrantly generated, then cofibrant-replacement cotriples 
exist. 

The dual definition and theorem are: 

Definition 3.3. In a model category JA, a fibrant- replacement triple (T,v,M) 

X TX T^X 

is a triple such that v is a weak equivalence and TX is fibrant, for any X . 

Theorem 3.4. //M is either fibrantly generated, or if all acyclic cofibrations 
are monomorphisms and M is cofibrantly generated, then fibrant- replacement triples 
exist. 

As an application of Section [2l note that sSets has fibrant-replacement triples. 



4. The Mix of a Triple with a Cotriple 



This Section contains a triple-theoretic result needed for the construction of 
the Bousfield-Kan completion. 

Let C be a category. Assume we have on C a cotriple (S*, e, A) and a triple 
iR,u,M): 



X SX ^4 s^x 
X RX R^X 



We will define below (Definition 14.41) a cosimplicial resolution of SX 
^s(^) : SX >'Xs{X) 

lYvea by 



■R's{X): SX > SRSX SRSRSX p=» SRSRSRSX 
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natural in X, with the properties that 

(8) 3ls(i?X) contracts to the augmentation SRX 
and 

(9) R^s{X) contracts to the augmentation RSX 

The idea behind this construction is to exhibit the cosimphcial resohition 
31 s{X) as the cosimphcial resolution of the triple associated to a certain adjoint 
pair. The adjoint pair in question is going to be the (forget, free 5'-comodule) 
adjoint pair, composed with the (free i?-module, forget) adjoint pair. 

We will observe that if f, g are any two triple maps from the triple (i?, i', M) 
to another triple (T, M), then the maps of cosimphcial objects 

3^K^) ^ 7s{X) 

9 

are naturally homotopic (see Prop. 14. 5p . 

In this Section, we'll work with the whole resolution HsiX) rather than with 
the cosimphcial object ']lg{X), because formulas are more compact for ']ls{X) . 
We start with some preparations: 

4.1. Comodules over S and modules over R. Warning: in this Section we 
use slightly different-than-usual definitions for comodules (modules) over cotriples 
(resp. triples). 

A comodule {E, Ae) over the cotriple {S, e, A) consists of a functor E : C ^ G 
and a natural map 

E >SE 

satisfying: 

„ ... Ae 

Coassociativity: E > SE 

AS 

SE ^ S'E 

Counit: E^r-^SE 

\ Ae 

id N. 

E 

A comodule map is defined in the obvious way. 

We denote S-comod the category (in a higher universe) of comodules over the 
cotriple {S, e, A). 

Dually, a module (F, Mp) over the triple {R, ly, M) satisfies by definition asso- 
ciativity and unit. We denote R-mod the category of modules over (i?, v, M). 



Ae 
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4.2. The extended comodule. The extended module. Denote EndC the 
category of functors F : 6 — > 6, with natural maps as maps. 

An example of a comodule {E, Ae) over the cotriple {S, e, A) is {S, A) itself. 

Even better, if F : C — > C is any functor, then {SF, AF) is a comodule over 
{S, £, A) (the "extended comodule"). This association defines a right adjoint functor 
to the forgetful S-comod — > EndC: 

Proposition 4.1. There is an adjoint pair (^i —forget,'^ i) oj Junctors 
$1 : S-comod ; > Endt : 
where <^i{E,Ae) = E and ^i{F) = {SF,AF). 

Observe that ^'i(io?e) = (5", A). 

Proof. We construct adjointness morphisms. 
First one: let comodule map (f> : E — > SF go to natural map 

: E — ^ SF F 
Second one: let natural map ^ : E ^ F go to comodule map 

(j) ■■ E > SE — -4 SF 

□ 

Dually, we construct extended modules over the triple {R, v, M) . If £' : 6 — > 6 
is any functor, then the extended module is (-R-E, ME). This association defines a 
left adjoint functor to the forgetful functor R-mod — > EndC: 

Proposition 4.2. There is an adjoint pair (^$2, 4*2 =forget) of functors 
$2 : Ende ; > R-mod : ^1/2 
where <i>2{E) = {RE, ME) and ■^2{F,Mf) = F. 



Proof. Entirely dual to Proposition l4.1l We construct adjointness morphisms. 
First one: let natural map (f> : E — > F go to module map 

iji : RE > RF > F 

Second one: let module map : RE ^ _F go to natural map 

: E RE F 

□ 



Summing up Propositions 14.11 14.21 

Proposition 4.3. There is an adjoint pair (^,^) of functors 
$ : S-comod < > EndG / > R-mod : 
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We have ^{E,Ae) = {RE, ME), ^{F,Mf) = {SF,AF). 

The composition of the adjunction morphisms in the proofs of Propositions 
14.11 14.21 give adjunction morphisms for (^j^*). One is given by comodule map 
(j) : E — > SF going to module map 

„^ -R0 RtF Mf 

^ : RE —L^ RSF RF F 

and the other by module map ijj : RE — > F going to comodule map 

^..E^SE^SRE^SF 
Denote these adjunction morphisms by 77 : ids-comod — * e : $5* — > 

4.3. The cosimplicial resolution. The adjoint pair ($, ^) has as associated 
triple ('f^, v, vlfg$) on S-comod. This triple yields an augmented cosimplicial object 
in the category S-comod 



Denote ids the identity functor of 6. 
Definition 4.4. Define '^'i(i(ie)- 

Observe that JisR = '*$2(«rfe) and RJis = ^''^'i(i(ie) are contractible. 

In Jig{X), coboundaries d^ and codegeneracies are defined as follows: 

^s(^) - iSR)"+^SX (n > -1) 
d' = {SRY[SiyS o A]{RS)"-' : %^\x) — > ^s(^) (n > 0,0 < i < n) 
= {SRyS[M o ReR]S{RSy'-' : %^\x) — > ^s(^) {n> 0,0 <i<n) 

The contraction of JlsiRY) to the augmentation SRY is given by: 
s"+i = {SR)"+^S[M o ReR] : %^\rY) 3i's{RY) {n > -1) 
and the contraction of i?Dls(X) to its augmentation RSX is given by: 

s-i ^ [M o ReR]S{RS)''+^ : R^s^\x) — > R^"s{X) {n > -1) 

Using Prop. 14.31 above and Appendix |^ Prop. 11.41 it is straightforward to 
prove the following Proposition: 

Proposition 4.5. ///, g are any two triple maps from a triple (R,v,M) to a 
triple (T,i>,M), then the maps of cosimplicial objects 



5is{X) ^4 7s{X) 



are naturally homotopic. 



For simplicity, we used the same notation v, M for the structure maps of the 
triples {R,v,M) and {T,v,M). 
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4.4. The simplicial resolution. We extend the results we obtained by du- 
ality. Suppose we have a triple (T, M) and a cotriple {V, e, A) on C: 



X — ^ TX T'^X 
X -i— ^ VX V^X 



Then there exists a natural simplicial resolution of TX 
V^(X) : V^{X) VTX 



given by 



V .{X): ... TVTVTVTX TVTVTX TVTX > TX 

with V^(rX), T(V^(X)) contractible. The formulas for d^'s and s,'s for V^(X), 
V^(TX) and T(V^(X)) are dual to those for d\ s\ 



Dual to Proposition 14. 51 we have 

Proposition 4.6. ///, g are two cotriple maps from a cotriple (U,e,A) to a 
cotriple (V,e,A), then the maps of simplicial objects 



U^{X) — ^ V^{X) 
9 



are naturally homotopic. 
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5. The Bousfield-Kan Completion Functor 



In this Section, for a model category M and a triple {R, v, M) (satisfying certain 
conditions, cf. Section [5. ip we construct a Bousfield-Kan completion functor 

{-)% : hoM — > hoM 

and we prove some of its properties. For the particular case of a pointed model 
category, we develop a Bousfield-Kan spectral sequence that computes the relative 
homotopy groups of the completion of an object. 

We prove that the Bousfield-Kan completion is independent of the choice of 
cofibrant-replacement cotriple (5, e. A) used in their definition. This essentially 
relies on a repeated use of Appendix \^ Thm. 12.11 which says that in a model 
category two homotopic maps between cosimplicial objects 

f^g:X-^Y- 

induce equal maps on homotopy limits: Rlim'^ / = Rlim"^ g. 

We show that the Bousfield-Kan spectral sequence is independent of the choice 
of cofibrant-replacement cotriple from E2 on. 

We prove that completion is natural in the triple (i?, i/, M) in the following 
strong sense. For two maps of triples /, g from a triple (i?, v, M) to a triple 
(T, V, M) in M, we have 

- .9^ : X^^X^ 

The material in this section depends on the previous sections, but also on 
general theory of R lim developed in Chapter [2l as well as on the technical results 
of Appendices El |B] and O 

One could of course dualize all the statements in this Section, but we won't 
formulate the dual results for brevity. 

5.1. Construction. Let M be a model category. We fix a cofibrant replace- 
ment cotriple (5, e. A) in M. We assume M has one; this is true for example if M 
satisfies one of the hypotheses of Theorem 13.21 

Suppose (i?, z/, M) is a triple on M. We assume that for all equivalences / 
between cofibrant objects of M, R{f) is an equivalence. 

Using the cotriple (5, e. A) and the triple {RjVjM), we form as in Section [4] 
the cosimplicial resolution 

^s(^) : SX >^siX) 

Definition 5.1. For X an object in M, the Bousfield-Kan R-completion X^ 
is defined as 

X^ = Rlim ^si^) 
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If no danger of confusion, we will refer to the i?-completion as X^. 

It is easy to observe that X^ depends only on the weak equivalence class of X. 

The augmentation of 'Jls{X) yields in hoM a completion map 



X 



X' 



Theorem 5.2. Completion (— )^ ; hoM hoM is a functor. The completion 
map X > X'^ is a natural map. 

The completion functor (— )^ and the completion map do not depend on the 
choice of cofibrant-replacement cotriple (S,e,A) used in their definition. 

Proof. The difficult part is proving the second paragraph, so we will just 
describe that part of the proof. 

Let (S", e, A) be a second cofibrant-replacement cotriple - we denote its struc- 
ture maps again e. A, as for (S*, e, A). 

Denote X — > X^ g the completion map constructed using the cotriple {S, e, A), 
and X — > X^ g, the one constructed using (5', e. A). 

Using a double complex argument, we will construct in hoM a natural isomor- 
phism 



X 



^R..S 



with the property that 9s",S'0S',S = ^S",S and Os,S = id. 

To construct 9s'.s, consider the following commutative diagram: 



(10) S'SX ■ 



S'SRSX ■ 



4 S'S{RSfX 



S'RS'SX > S'RS'SRSX , i S'RS'S{RSfX 



{S'R)'^S'SX > {S'R)^S'SRSX {S'RfS'S{RS)^X 



{S'RyS'SX y {S'Ry S'SRSX {s'Rys's{Rsyx 



Observe that the top row in pTI)) is S'Jis[X), and the left column is Jls'iSX). 



Let us denote by 3is',s{X) the diagram pO|). Denote by 5i's',siX) the subdia- 
gram obtained by erasing in ([T0|) the top row and the left column. 
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^S',s{X) is a bicosimplicial diagram, and the diagram (llOp yields cosimplicial 
maps denoted : S'Jig{X) — > diagKh' .,s{X) andu| : 'Xg,{SX) — > diag'X's' ,s{X). 
The reader should compare the cosimplicial maps u\, U2 with the analogous maps 

u\ of Appendix [Cl 

We will prove below that the maps R lim^ U2 and R lim^ U2 are isomorphisms 
in hoM. Based on that, Os',s is defined as the composition of maps and inverses 
of maps in hoM 



Rlim^ ■Ji'siX) < Rlim"^ S':R'g{X) 



Rlinr diag5i's',siX) 

Rlim^ 

R lim'^ H'g, {X) i — = R lim'^ D?^, (SX) 

From this definition of 6*5/^5, it is easy to see that 9s'.s commutes with the com- 
pletion maps. 

We now prove that the maps R lim^ U2 and R lim^ U2 are isomorphisms in 
hoM. Using the diagonal argument of Appendix [Bl note that 



Rlim^diag5l's',siX) ^ Rlim"^^" 3l5',s(^) 



AxA , 



For the bicosimplicial diagram Jis'.si^) , we will compute Rlim^^^ in two 
ways. We denote the first factor of the product category A x A by Aho ( "horizontal" 
in diagram PH)) ). and the second factor by A„e ("vertical"). 
We use first the factorization 

p^j-j^A;,„xA„e ^ Rlim^'"Rlim'^"= 

that computes first R lim*^"' in the vertical direction. 

In computing Rlim^"" 3is',s(^)i we can safely drop the first appearance of S to 
the left in each of the terms of our diagram (fTO| . After this operation, each column 
becomes a contractible cosimplicial object, by Sec. [H ([5]). We get (by Appendix 
El Thm. HH) that Rlim'^"= ^"s',siX) = S'^gi^) (as objects of ho(M^)). 



It follows that 

j^jj^^A,„xA„, ^ Rlim'^'" Rlim'^'"' Jl's'^siX) = Rlim'^ S'Jl'siX) 

which proves that the map Rlim'^ U2 is an isomorphism in hoM. 
Using the factorization in the other order 



j^jjj^A;.„xA,, ^ R,iinA= Rlim'^''° 



5. THE BOUSFIELD-KAN COMPLETION FUNCTOR 33 

and this time using Sec. HI ^ in place of Sec. [H ([8]) one shows that the other map 
RHni^ U2 is an isomorphism in hoM. 



So far, we have constructed isomorphisms 9s\s ■ g — > g, in hoM. We 
are left with proving the cocycle relations 9s",S'&S',s = ^S",s and ^5^5 — id. We 
will only sketch the proofs of these cocycle relations. 

The relation 9s".S'9s'.S — ^S".s follows from a triple complex argument - there 
is nothing essentially new needed for this proof. 

The proof for 9s, s = id is more interesting, as it involves a new idea. Assume 
that {S, e. A) ~ (S", e, A). Using A : S — > 5^, construct a map of diagrams from 
the diagram 



(11) SX > SRSX ^=^=^ S(RSYX 

SRSX > SRSRSX , I SRS{RS)^X 

{SR)'^SX > {SR)^SRSX {SR)^S{RS)^X 

{SRfSX > {SRfSRSX =^ {SRfS{RS)^X 



to the diagram ^s.s{X) 

(12) S^X > S^RSX ^=^^ S^(RS)^X 



SRS^X y SRS^RSX , i SRS^RS)^X 

[SRfS^X > {SR)''S^RSX =^ {SR)^S^RS)^X 

iSR)^S^X > {SRfS^RSX =^ {SRfS^RS)^X 



This map from diagram (fTTj) to dia gram (|12p is a pointwise weak equivalence. 
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Using the formulas of Appendix[Cl the bicosimphcial object obtained by erasing 
the top row, and leftmost column in diagram is GlJl'g{X). The cosimplicial 
object on the diagonal of pT|) is F2Ji'g{X). 

The map from the cosimplicial object on the top row to the cosimplicial object 
on the diagonal is 

and the map from the cosimplicial object on the leftmost column to the diagonal is 

ul : 3?s(X) F^JisiX) 

By Appendix [Cl Prop. 11.61 it follows that the cosimplicial maps — are 
homotopic, and consequently 

Rlim'^iii = Rlim'^u^ : Rlim^3?g(A:) — > Tilim^ F*:Rg{X) 

A diagram chase will quickly show now that ^5.5 = id. 

□ 

5.2. The Bousfield-Kan spectral sequence. Throughout Section [5T2l we 
assume that M is a pointed model category having a cofibrant-replacement cotriple 
{S,e,A). Consider, as before, a triple {R,v,M) on M with the property that R 
maps equivalences between cofibrant objects of M to equivalences. 

We will adapt the homotopy spectral sequence of Chapter [21 Sec. 13.11 to con- 
struct the Bousfield-Kan spectral sequence. In what follows, Horn* denotes the 
pointed function complex defined in Chapter [51 Section 11.41 

The Bousfield-Kan spectral sequence is defined as 

Ep\W,X) = Ep\W,-Xs{X)) {t>s> 0) 
where on the left we have the homotopy spectral sequence of the cosimplicial object 
■XgiX) (Chap. [21 Sec. [3T|) . 

From the description of E2 given by 

E2'\W,X) = 7r"7rtHom,(T^,3^;5(A:)) (t > s > 0) 

it easily follows that, from E2 on, the Bousfield-Kan spectral sequence is indepen- 
dent of the choice of the cofibrant-replacement cotriple (5*, e, A). 

5.3. Naturality in R of the Bousfield-Kan completion. For Section [5751 
we return to the general case of a not necessarily pointed model category. 

We show that the Bousfield-Kan completion functor exhibits a rigid naturality 
in the triple (i?, i/, M). Fix the cofibrant-replacement cotriple {S, e. A) in the model 
category M, and assume we have a map / of triples from a triple (i?, v, M) to a 
triple (T, i/, M) in M. 

We assume that both R and T map equivalences between cofibrant objects to 
equivalences, so Bousfield-Kan completion can be defined for both of them. 

Then we construct in the obvious way a natural map in hoM 

^ 
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We have the foUowing Theorem and Corollary: 

Theorem 5.3. ///, g are two triple maps from the triple (R, v.,M) to the triple 
(T, V, M ) then in hoM 

/A ^ ^^ . 

Proof. By Appendix El Prop. 1 1.41 there is a natural homotopy of cosimplicial 
objects 

and by Appendix El Thm. [lUit follows that = g^. □ 

Corollary 5.4. If the triples (R,v^M), (T^v,M) admit triple maps in both 
directions 

f : (R,v,M) (T,v,M) 
g : (T,v,M) ^ (R,v,M) 

then there is a canonical isomorphism in hoM of completions = Xj; 
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6. An Example: Completion of Simplicial Algebras 



In this Section we describe one example of Bousfield-Kan completion: the com- 
pletion of simplicial commutative algebras, with respect to certain triples that in- 
clude the abelianization triple. 

In order to do that, we first recall the model category structure on the category 
Aa of simplicial commutative algebras X. of the form 




a 



where a is a fixed commutative algebra map. 

Then, for a fixed commutative algebra map /? : B — > C, we consider a certain 
adjoint pair between the category Aa and the category sC-mod of simplicial C- 
modules (see Subsection 16. 2p . This adjoint pair gives rise to a triple {R,v,M) on 
the category of simplicial commutative algebras Aa- For a simplicial algebra X. 
the simplicial algebra RX. is going to be the algebra extension with B of the C- 
module ^x.\a®aC, namely RX. = B ^{^Ix.\a'^aC), where fl denotes the Kahler 
differentials. 

In particular, if i? = C, the functor R: Aa — > Aa that we construct is just 
the abelianization functor, seen as a functor from the category Aa to itself. 

We define in our context the Bousfield-Kan completion with respect to the 
triple (i?, v, M), as in Section [5l 

Our conjecture is that simplicial augmented connected /c-algebras (fc a field) are 
complete with respect to abelianization, and their associated absolute Bousfield- 
Kan spectral sequence is convergent. 



6.1. Aa as a model category. Aa carries a cofibrantly generated model 
category structure, constructed as follows. We have an adjoint pair of functors 

free 

sSets < " Aa 

forget 

sSets is a cofibrantly generated model category. Using the above adjoint pair 
of functors {free, forget) we can lift (in the sense of [4], 9.1 and 9.9) the model 
category structure on sSets to a cofibrantly generated model category structure on 
Aa , by saying that a simplicial algebra map 

X. Y. 

is a weak equivalence (resp. a fibration) if its underlying map of simplicial sets is a 
weak equivalence (resp. a fibration). 
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6.2. The Quillen adjoint pair between Aa and sC-mod. Let us fix a 

commutative algebra map /3 : B — > C . 

If M is a C-module {M e Ob{C-mod)), we construct a i3-algebra structure on 
the i?-module direct sum 

by defining multiplication as {bi,xi) ■ (62,2^2) — {bib2,biX2 + b2Xi). i3 0M is an 
augmented A-algebra in the obvious way. 

This construction, extended in the obvious way for simplicial C-modules, de- 
fines a functor classically denoted + : sC-mod — > Aa, from the category of sim- 
plicial C-modules to the category Aa- 

In the particular case B ~ C, it is easy to see that the functor + is an embed- 
ding, and the image of + is equivalent to AbAa, the category of abelian objects of 

Aa • 

In general, the functor -I- admits a left adjoint denoted Qc (if B — C, Qc is 
just the abelianization functor Ab): 

Qc ^ 

Aa ( ^ sC—niod 

+ 

QcX. = nx.\A(»AC 

Af+ S M. 

where denotes the Kiihler differentials. 

The category sC-mod is also a model category (again by |4j, 9.1 and 9.9), with 
the property that a simplicial A-module map 

M. N. 

is a weak equivalence (resp. a fibration) if its underlying map of simplicial sets is a 
weak equivalence (resp. a fibration). 

In fact, all objects of sC-mod have an underlying structure of simplicial (abelian) 
groups, therefore their underlying simplicial set is fibrant. Consequently, all objects 
of sC-mod are fibrant. 

With these model category structures on Aa and sC-mod, the adjoint pair of 
functors {Qc, +) is a Quillen adjoint pair. 

6.3. The completion functor for simplicial algebras. Denote R the com- 
position 

R = + o Qc : Aa — > Aa- 
Since {Qc, +) is an adjoint pair of functors, R is part of a triple {R,v,M) in a 
natural way. 

We claim that all hypotheses (Section lS.ip necessary to construct the Bousfield- 
Kan completion with respect to R are satisfied. 

Indeed, {Qc, +) is a Quillen adjoint pair, and all objects of sC-mod are fi- 
brant: it follows easily that R carries equivalences between cofibrant objects to 
equivalences. Furthermore, Aa is a cofibrantly generated model category, so it has 
a cofibrant-replacement cotriple {S,e,A)- 
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If X. G ObAa is a simplicial algebra, its Bousfield-Kan completion with respect 
to the triple {R, v, M) is 

= Rlim3?5(X) 

If S = C, the functor R is just the abelianization functor regarded as a functor 
Aa — > AoL^ and in this case we denote the completion as X')^^ -in effect, it is the 
Bousfield-Kan completion with respect to abelianization. 

\i A = B, the model category Aidji is pointed and, given a second simplicial 
algebra W. G ObAid^, we have the Bousfield-Kan spectral sequence E^''^{W.,X.), 
as described in Section [5. 21 This spectral sequence computes the homotopy groups 
of the function complex Hom*(VF., X^). 

6.4. A conjecture about connected simplicial algebras. Suppose that 
in the constructions above we take A = B = C = ka. field. In this case, we denote 
by Ak the category Aid^, ■ 

The natural map X. — > ^Ab equivalence when X. is an abelian object 

in Ak, since 31 5 (X.) is contractible for X. abelian. 

By definition, we say that X. is a connected simplicial algebra if the natural 
map 

is an isomorphism. 

We state the following 

Conjecture 6.1. If X. is a connected simplicial commutative augmented It- 
algebra, then the natural map 

is an equivalence, and the absolute Bousfield-Kan spectral sequence Ep^{k\T],X.) 
is convergent. 

k\T] is just the polynomial ring in one variable, and should be thought of as 
the analogue of the 0-sphere in Ak ■ 

The Bousfield-Kan spectral sequence £'*'*(fc[T], X.) can be equivalently con- 
structed as follows. Take ']{g{X.) and regard it as a cosimplicial space, just by 
forgetting the algebra structure. Ep^{k[r],X.) is the absolute homotopy spectral 
sequence of the cosimplicial space 'Rg{X.): it is a truncation of the spectral sequence 
of the bi-complex of abelian groups underlying 31^ (X.). 



CHAPTER 2 



The Homotopy Spectral Sequence for a Model 

Category 



This Chapter is a reference for the general model category results used in 
the rest of these notes. The end result of this Chapter is the construction of a 
homotopy spectral sequence of a cosimplicial object in a pointed model category, 
as a generalization of the homotopy spectral sequence of a cosimplicial space of 
Bousfield and Kan, [3]. 

In Section [U we recall the basics behind homotopy limits and the function 
complex. Most important, the function complex has the property that it commutes 
with homotopy limits. 

The homotopy spectral sequence of a cosimplicial object X in a pointed model 
category is defined (in Section [3]) just as the classical homotopy spectral sequence 
of the cosimplicial pointed space Hom*(VK, X ). In this formula, W is an arbitrary 
object in the model category, and Hom^(-,-) denotes the pointed function complex 
associated to the pointed model category. 

So, the homotopy spectral sequence is actually the spectral sequence of a certain 
tot tower of pointed spaces constructed using the pointed function complex. We 
will show that the tot tower in discussion in fact comes from a tower in the model 
category. 

To that end, in Section [21 we recall the basic properties of tot and tot", and 
define for a model category functors tot and tot", and dually cotot and cotot„. 
There is going to be an essential difference between tot, tot^ and tot, tot", cotot 
and cotot„: the first ones yield objects in the model category sSets, whereas the 
last ones yield objects in the homotopy category hoM of a model category. 

Finally, Section [3] deals with the homotopy spectral sequence itself. 
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1. Homotopy Limits. The Function Complex 



In this Section we collect general results about model categories, that we will 
need later in constructing the homotopy spectral sequence. The material we present 
is collated from the excellent Dwyer, Kan and Hirschhorn monograph [4^, and from 
the Dwyer, Kan articles [5], [6], [7]- 

In Section 11.11 we define homotopy limits as derived functors of limits. For 
properties of homotopy limits, we direct the reader to the monographs [4], [9]. 

In Section [TT^ wc define the function complex, for a pair of small categories (C, 
W) with ObC = ObW. If 6 = M is a (not necessarily small) model category, with W 
the subcategory of weak equivalences, then the function complex is "homotopically 
small" , in a sense made precise in that Section. 

In Section [L3l we observe that for a model category, the function complex com- 
mutes with homotopy limits (this is a result due to Dwyer, Kan and Hirschhorn). 

In order to define the homotopy spectral sequence for a pointed model category, 
we need a pointed version of the function complex. In Section 11.41 we develop the 
pointed function complex, defined for a pair of categories (C, W) such that 6 is 
pointed. 

Last, in Section [T75l we observe that, for a pointed model category, the pointed 
function complex commutes with pointed homotopy limits. 

Let M be a model category. Let W be the subcategory of weak equivalences of 
M. W has the same objects as M, and has as maps the weak equivalences of M. 

1.1. Homotopy Limits. The homotopy category hoM of M is defined as the 
localization M['W^^] of M with respect to W. 

If 2) is a small category, we denote by the category of D-diagrams in M. 
We define weak equivalences in as W^. Denote ho(M^)=M^[(W^)-i]. 

One proves that hoM, as well as ho(M^), are categories within the universe 
we start with ( 4 ). 

Since M is complete and cocomplete, we have adjoint pairs of functors: 

colim^ : > M : c 

c : M > : hm^ 

where the functor c forms the constant diagram. 

One shows (see [4]) that the functors colim and lim admit a left, respectively 
right derived functor with respect to localization, that still form adjoint pairs. 

Lcolim^ : ho(M^) > hoM : c 

c : hoM > ho(M^) : Rlim^ 

Please observe that if a functor F : M — > IN' carries weak equivalences to weak 
equivalences then the diagram 
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M — i-'N 

LF 

hoM =^ ho?^ 

RF 

commutes. In this situation, we will denote again by F—LiF—RF the localization 
of F: we hope the context will make it clear if we refer to the localization of F or 
to F itself. 

It is not true that colim of a weak equivalence between two pointwise cofibrant 
diagrams is a weak equivalence. This would be a most desirable property. In [4] 
a different functor hocolim^ : — > M is constructed, using the choice of a 
cosimplicial framing, hocolim has this "desirable" property, and furthermore it 
satisfies TthocolimP = Lcolim ^ . 

Dually, choosing a simplicial framing one constructs holim^ : M that 

carries weak equivalences between pointwise fibrant diagrams to weak equivalences, 
with the property that HholimP = Rlim^ . 

1.2. The function complex. Consider a pair of small categories (C, W) (this 
means, W a subcategory of C) with ObQ — ObW. When 6 = M is a model category, 
we always take W to be the subcategory of weak equivalences. 

We will construct the function complex Hom(X, Y) between any two objects 
X, y of C as a homotopy type of a simplicial set. 

To that end, we outline Dwyer and Kan's construction of the hammock lo- 
calization L^C (see [6]). Even though it is not apparent from the notation, the 
hammock localization depends both on 6 and W. 

Denote the set ObG = ObW (it is a set, since 6 and W are small categories) . 

The hammock localization L^C is a category enriched over simplicial sets, 
with Ob{L^C) = 0. It is defined as follows: The A;-simplices of the simplicial set 
Ho'm]^HQ{X, Y) are the commutative diagrams in C of the form 




Ck,l Ck,2 •■• Ck,n~l 

where 

- n is any integer > 

- the vertical maps are in W 

- in each column, all maps go in the same direction; if they go left, they are 
in W 
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- the maps in adjacent columns go in opposite directions 

- no column contains only identity maps. 

We have a simplicial functor from the category 6 to the hammock localization 

F: e — > L"e 

defined by F{X) = X, by F(f : X ^ Y) ^ the diagram X — ^ Y and by 
F{idx) = "the diagram" X. 

We define the function complex Hom(X, Y) as the homotopy type of the sim- 
plicial set HomLHQ{X,Y). 

Using the simplicial functor F, we will regard Hom(-,-) as a homotopy type of 
diagrams of simplicial sets in sSets'^ that is, an object of ho{sSets'^ ^'^). 

If C = M is a model category, 06M — ObW is a class and of course there's 
no problem in performing these constructions in the category Classes of proper 
classes (a category in a higher universe) as opposed to the category Sets. 

We have: 

Theorem 1.1. For an arbitrary model category M, fix a framing. Then there 
exist natural isomorphisms in ho{sClasses''^ ^■^^) 

Hom(X,r) ^ ffoTO]v[(X',y') ^ HoniMiX'^Y.) = diagiJom3v[(X' , Y.) 

Here X' is a canonical cofibrant replacement of X , X the cosimplicial frame 
of X' , Y' is a canonical fibrant replacement of Y and Y. the simplicial frame of 
Y' . diag denotes the diagonal of a bisimplicial set. 

Proof. See [3, 4.4. and its proof. □ 

As a consequence, for a not necessarily small model category M, Hom(X, Y) 
is homotopically small for X, F e06(M), that is, it has the homotopy type of a 
simplicial set. 

Even more than that is true. If M is a model category, by Theorem 11.11 the 
function complex Hom(-,-) e Ob{h.o{sClasses^'^°''^^'^)) descends to an object in 
ho(s5ets^°"^^). 

This descent is unique in the following weak sense. If ©, D' are small categories 
with functors D — > M and V — M, then the restriction of the function complex 
Hom(-,-) to ho{sClasses'^°'' ^'-^ ) descends in a unique way to ho(sS'ets^°''^^ ). 

From now on, we will always consider the function complex Hom(-,-) associated 
to a model category M as an object of ho{sSets^'^°''^^'^). 

1.3. Homotopy limits commute with the function complex. The fol- 
lowing theorem, due to Dwyer, Kan and Hirschhorn j^, unravels most of the ho- 
motopical properties of model categories: 

Theorem 1.2. Let D, T>' be small categories, X' an object o/M^ and Y' an 
object of M/^ . Then the natural map below is an isomorphism in ho{sSets): 

(13) Hom(Lcolim^X',Rlim^V') Rlim^°''''^'Hom(X', y') 
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Note 1.3. Horn carries weak equivalences in x M to weak equivalences 
of simplicial sets. Observe that, using our convention, on the left hand side of (fT3|) . 
Horn stands for the locahzation of the functor denoted also Horn. 

Note 1.4. On the right hand side, the T>°p x D'-diagram Hom{X' ,Y') is 
defined only up to weak equivalence in sSets^ ''xD _ r^j^^ natural map (fT3|) is 
constructed using the adjunction 

c:\,osSets ho(s5eis^°''x^') : Rlim^""^^' 

applied to the natural map in YioSets^ ^ ^ 

cHom(Lcolim^X',Rlim^V") — > Hom(X',r") 

Note 1.5. The map is natural with respect to functors F: T>i ^ D and 
F': D'l D', meaning that it makes the following diagram commutative: 

Hom(Lcolim ® X' , Rlim^V' ) = > Rlim^"" ''^'Hom(X' , V ) 



Hom(Lcolim^iF*X',Rlim^'iF'*y) ^^^^ — > mim^"' '''^'^B.om{F* X\ F'*Y') 
We refer to this property as "naturality in D and T>"' . 



Proof of Theorem 11.21 The proof can be split into two steps. 
Step 1: The proof reduces to the case when either of D and D' is a singleton 
category. If we assume the result known for T> or D' singleton categories, then 

Hom(Lcolim^X",Rlim^V") = Rlim^°''Hom(X",Rlim^V") = 
Rlim^°''Rlim^'Hom(X",y) ^ Rlim^°''''^'Hom(X', y') 

(last isomorphism because Rlim Rlim ^ Rlim , as a consequence of 

0], 58.3 and 56.5). 

Step 2: Let's assume D' a singleton category (the other case is similar). We 
want to show that there is a natural isomorphism in hoM 

Hom(Lcolim^X',y) Rlim^°''Hom(X' , r) 

This is proved by Dwyer, Kan and Hirschhorn [4 , 62.2, using particular rep- 
resentations of the function complex and of homotopy limits. We fix a cosimplicial 
framing in M, and chooose a representative of Hom(-,-) in sSets'^ denoted 
Homi{-,-) e ObisSets^""''^) as in Theorem O 

Homi(A,B) = HomM{A',B') 

Here A, B ^ 06M, A' is the cosimplicial frame of a canonical cofibrant replacement 
of A, and B' is a canonical fibrant replacement of B. 

Dwyer, Kan and Hirschhorn prove that there is a natural weak equivalence 

(14) Honiiihocolim'^^ {Xy , Y') ~ holim^'^'^'"' Homi{(X')' , Y') 

where [X"^)' is a canonical cofibrant replacement of X^, and Y' a canonical fibrant 
replacement of Y . 
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The weak equivalence ([T4l) . passed to the homotopy category hoM, is actually 
the isomorphism we are looking for: 

The left hand side of ^ is Hom(Lcolim ^X' , y). 

The simplicial set Homi{{X'^)\ Y') is fibrant because e.g. of 52.3. Therefore 
the right hand side of HH) is Rhm^°''Hom(X' , F). □ 

1.4. The pointed function complex. Consider a pair of small categories 
(e, W) with OhQ = 05W, with the property that C is pointed. 

The simplicial functor from 6 to the hammock localization 

F: e — > L"e 

defines basepoints in the simplicial hom-sets of L^G, so the hammock localization 
becomes a category enriched over pointed simplicial sets. We denote sS'eis* the 
category of pointed simplicial sets. 

Taking account of the basepoints, we define the pointed function complex of the 
pair (6, W) as a homotopy type of a x M diagram of pointed simplicial sets 
Hom4-,-) e O6(ho(s5ets^^°"x^t)) 
Hom,(X,y) ^ HomLHe{X,Y) 
We have the following extension to Theorem ll.il 

Theorem 1.6. For a pointed framed model category M, the natural map below 
is an isomorphisms in h.o{sClasses^ 'xM.--^ 

Hom,(X,y) = iJomM(X",r') = HomM{X\Y.) = diagiJomjvt(X", Y.) 

The basepoints in the last three terms are given by zero maps. 

Here X' is a canonical cofibrant replacement of X , X the cosimplicial frame 
of X' , Y' is a canonical fibrant replacement of Y and Y. the simplicial frame of 
Y'. 

Proof. One just keeps track of basepoints in the proof of Theorem ll.il □ 

As before, if M is a pointed model category, by Theorem 11.61 the pointed 
function complex Horn, (-,-) e Ob{}io{sClasses^ xm-j-j descends (uniquely, in 
the same weak sense we explained before) to an object in ho(siS'ets^°''^^). From 
now on, we will always consider the pointed function complex Hom*(-,-) associated 
to a model category M as an object of h.o{sSets^ ^^My 

1.5. Homotopy limits commute with the pointed function complex. 
Theorem 11.21 extends to 

Theorem 1.7. Let JA be a pointed model category. 

Let D, D' be small categories, X an object of and Y an object of . 
Then the natural map below is an isomorphism in ho(sS'ets*).' 

Hom,(Lcolim^X",Rlim^'r") -^-^ Rlim^°''''^'Hom,(X',y ) 



Proof. Follows by keeping track of basepoints in the proof of Theorem 11.21 
The underlying space of Rlim of pointed spaces is (weakly equivalent to) Rlim of 
the underlying spaces. □ 
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2. tot, tot" . Construction as Homotopy Limits 

In this Section, we recover classical results about tot and tot" of simplicial sets, 
as seen through the prism of Section [T] 

The material in this Section is preparatory for the description of the homotopy 
spectral sequence in Section [3] 

We define tot and tot" in Section 

tot"X' is better understood as tot of the n-th coskeleton of X' . In Section [2T2l 
we speak of skeleton and coskeleton of cosimplicial objects in a (complete and co- 
complete) category, and then specialize to the case of cosimplicial spaces to deduce 
properties of tot and tot" . 

In Section [2.31 we focus on homotopical properties of tot and tot". Among 
others, for a Reedy fibrant cosimplicial space X' we show that totX' computes the 
homotopy limit of X' seen as a cosimplicial diagram, and tot"X' computes the 
homotopy limit of the n-truncation of the same cosimplicial diagram X . 

Section 12.41 deals with the pointed versions of tot and tot" , denoted <ot* and 

In Section [2751 the focus shifts to general model categories. We define functors 
tot, tot" : ho(M'^) — > hoM 
as generalizations for model categories of the right derived functors of tot and 
tot". These functors are later needed for describing the homotopy spectral sequence 
of a cosimplicial object in a pointed model category. By duality, we also define 
functors cotot and cotot„. 



2.1. tot and tot". For X ,Y (1 Ob{sSets^) cosimplicial spaces, hom{X ,Y ) 
denotes the simplicial hom-set given by 

hom{X ,y )fc = cosimplicial maps X x A[fc] Y 

We denote A the cosimplicial standard space (Bousfield, Kan [3], Chap. I, 
3.2) given by A'^ = ^[^1- The cosimplicial structure maps of A yield the simplicial 
structure maps of the simplicial set hom{X , K ). 

We will also consider the cosimplicial space denoted s/c„A , given in dimension 
k by s/c„(A[fc]), with obvious coface and codegeneracy maps. Observe that sA:,iA 
injects into A . 

Definition 2.1. The functors tot, tot": sSets^ — > sSets from cosimplicial 
spaces to spaces are defined by 

totX' = hom{A',X') 
tot"X' = hom{sknA' ,X') 

From this definition, it follows that there is a tower of maps 

totX' ... tot"+^X' tot"X' -> ... tot^X' = Xo 

and totX' = \im"'^^ {tot" X') where N = {0,1,2,...} 
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2.2. Skeleton and coskeleton. To investigate basic properties of tot and 
tot", we turn our attention to the notion of skeleton and coskeleton. 

Fix e a complete and cocomplete category. We investigate the skeleton and 
coskeleton functors for G^. Since we are not particularly interested in skeleton and 
coskeleton for Q'^ , we will skip a presentation of that. 

Denote A„ the full subcategory of A with objects 0,1, ...n, and i„ : A„ A 
the embedding. 

There are two pairs of adjoint functors 

colim'" : 6"^" < > 6^ : ^; 

i*^ : 1 > e'^" : lim'" 

where colim'", lim'" are the left, respectively the right Kan extensions along the 
functor in. 

The n-th skeleton sknX' of a cosimplicial object X' G ObG^ is defined as 

sknX' = colim'"(i*X'). 
The n-th coskeleton cosk^X' of a cosimplicial object X' e ObG^ is defined as 

cosfc"X' =lim'"(i;X'). 

We have the following useful characterization of the skeleton and the coskeleton: 

Proposition 2.2. If X' is an object in C^, then: 

- for k < n, {sknX'Y = X^ = {cosk^X'Y under the adjunction maps 
sknX' ^X' ^ cosk'^X' 

- denoting latching spaces by Lk{—), the natural map 
Ln+i{X') (sfc„X')"+^ is an isomorphism 

- fork > n+2, the latching map Lk{sknX') {sknX'Y is an isomorphism 

- denoting matching spaces by Mfe(— ), the natural map 
(cosk"X )"+^ Mn+i(X ) is an isomorphism 

- for k > n + 2, the matching map {cosk^X'Y M}.{cosk"X') is an 
isomorphism 

These properties characterize uniquely sknX' and cosk^X' , for X' G ObG^. 
The proof for this proposition is standard and we omit it. 

Observe that the functors sfc„, cosfc" form an adjoint pair: 

Proposition 2.3. For X' , Y' e ObG'^, there is a natural isomorphism 
HomeA{sknX' ,Y') ^ HomeA{X' ,cosk"Y') 

Proof. We have that 

iJomeA(colim'"(i;X'),r) ^ Home^„{ilX' J^Y') 
^ Home^iX' ,lim'"{i*^Y')) 

□ 
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We now specialize to the case when C = sSets. 

An easy computation using Proposition 12.21 shows that the n-skeleton of the 
cosimphcial standard space A £ Ob{sSets^) is given in cosimphcial dimension k 
by skn{A[k]), with coface and codegeneracy maps induced from A . 

Thus, the notation we used in Section r2.1l for sfc„ A is consistent with the notion 
of skeleton in sSets^ that we introduced in the current Section. As an aside, please 
note that it is not true in general that (sfc„X = skn{X^) for a cosimphcial space 
X' . 

We conclude with the following useful Proposition: 

Proposition 2.4. The natural maps below are isomorphisms, for X a cosim- 
phcial space: 

tot{cosk''X')^^tot'^{cosk''X')'^^tof^{X') 

Proof. The functors sfc„, cask" are adjoint (Proposition l2.3|) : for cosimphcial 
spaces X' , Y' we have that 

Hom^Sets^isknX' ,Y') ^ Hom^sets^iX' ,cosk'^Y') 

Observe that for a cosimphcial space X and for a simplicial set K we have that 

skniX' X K) ^ skn{X') X K 

and from this we deduce that for cosimphcial spaces X , Y we have a canonical 
isomorphism 

(15) hom{sknX' X ) = hom{X' , cosk'^Y ) 

We are ready to prove that the three terms in Propostion 12.41 are isomorphic. 
From the definitions, the first term is just hom{\ ,cosk"'X ), the second term is 
given by hom{sknA ,cosk"'X ) = hom{A , cosk^^ cosk^ X ), and the third term is 
just hom{sknA' , X'). They are all three isomorphic because of the isomorphism 
(fT5)l . and because cosk^X = cosk"cosk"^X . □ 



2.3. tot and toi" in terms of homotopy limits. In this Subsection, we will 
investigate homotopical properties of the functors tot and tof^. 

We will show that for a Reedy fibrant cosimphcial space X we have natural 
weak equivalences 

(16) totX' ~ Rlim'^X' 

(17) tot"X' ~mim^"{ilX') 

and the tower of maps 

totX' ^ ... tof'+^X' toV'X' ... tot^X' = X° 
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is a tower of fibrant spaces and fibrations with 

(18) fofX' ~Rlim"^^(torx') 

We start by recalhng the canonical isomorphism with X e Ob{sSets) and 
y e Oh{sSets^) 

Hom^Sets^iX X A',y) = HomsSets{X,hom{ls: ,Y')) 
It follows that there is an adjoint pair of functors i^A = (— x A ), tot = hom{A , — ) 

i^A '■ sSets ( '> sSets'^ : tot 

The functor Fa — (— x A ) takes weak equivalences to weak equivalences. 
Since A is Reedy cofibrant, it is easy to prove that takes cofibrations to Reedy 
cofibrations. 

It follows that the adjoint pair (-Fa, tot) is a Quillen adjoint pair, so the adjoint 
pair of left resp. right derived functors denoted 

LFa: ho{sSets) ^ > ho{sSets^) : Ktot 

exists. 

Since A[n] is contractible for all n, it follows that LFa = Lc, where c denotes 
the constant functor c: sSets — > sSets'^. Since Rtot is right adjoint to Lc, it 
follows that Rtot = R lim'^ . 

Because of the Quillen adjunction (Fa, tot), it follows that for X' Reedy fibrant 
totX computes 'Rtot{X ): 

totX' ~ Rhm'^X' 

and this proves Equation p6p . 

It is easy to see using Proposition 12.21 that cosk^X' is also Reedy fibrant. By 
Proposition we also have 

tof'X' ~ Rlim"^ (cosfc"X') 
The adjoint pair below is a Quillen adjoint pair: 

: sSets^ > sSets'^^^ : hm*" 

Therefore lim*"A' ~ Rlini'"A, for A a Reedy fibrant object of sSets^". Since 
X is Reedy fibrant, i*X is Reedy fibrant in sSets^". It follows that 

cosk'^X' = lim^"(i;X') ~ (Rlim^")(i;X') 

Dwyer, Kan and Hirschhorn 4 58.3 prove a composability property for relative 
homotopy limits. From their general result we deduce that the natural map 

Rlim"^ o Rlim^"(i;X') Rlim'^"(i;X') 

is a weak equivalence. 

This leads to the natural weak equivalence 

torx' ~ Riim'^"(i;x') 
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and this proves Equation (fT7|) . 

One can easily show that the natural weak equivalences , PT|) are compat- 
ible under the natural maps 

totX' tof^X' and Rlim'^X' ^ Rlim'^"(i;X') 
tof^+^X' tot"X' and Rlim'^"+i(i;+iX') ^ Rlim'^" (i^X") 



Again by Proposition [^21 if ^ is Reedy fibrant, then 

is a Reedy fibration of Reedy fibrant objects. Furthermore, by the Quillen adjunc- 
tion {Fa, tot), tot sends Reedy fibrations to fibrations, so we get that 

tot''+^X' » tof'X' 

is a fibration of fibrant simplicial sets. Putting all this together, if X is Reedy 
fibrant, the tower of maps 

totX' ... ^ tot'^+^X' toV'X' ... tot"X' ^ X° 

is a tower of fibrant spaces and fibrations, and 

totX' ^ lim"^'^(toi"X') ~ Rlim"'^'^(torX') 

which proves Equation (fT8|) . 



2.4. Pointed tot and toi„. In this Section, we investigate the functors toi*, 
tot^ : sSets^ — > sSets^ , which are pointed versions of tot and tot" . 

For X' G Ob{sSets^) and y' G Ob{sSets^), we define the pointed simplicial 
hom-set hom^[X ,Y ) £ Ob[sSets^) by choosing basepoints in the following way: 

hom^:{X ,Y )k = cosimplicial maps X x A[k] ^ Y 
with basepoint X x A[fc] — ^ * 

The functors tot*, tot": sSets^ — > sSets^ from cosimplicial pointed spaces to 
pointed spaces are defined by 

tot^X' = hom^{A' ,X') 
tof^X' = /ioto4sA:„A',X') 

Keeping track of basepoints, one easily sees that for X G Ob{sSets'^) the 
natural maps below are isomorphisms: 

tot^cosk'-'X') totl^cosK^X') tot1{X') 

We have a left adjoint functor to tot*: 

Fa* : sSetSf, < ^ sSets^ : tot* 
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given by Fa*{X) ^ X x A' / * xA' . 

The functor toi* takes Reedy fibrations to fibrations and equivalences between 
Reedy fibrant objects to equivalences, because tot does so. It follows that the pair 
(Fa*, toi*) is a Quillen adjoint pair, so the adjoint pair of left resp. right derived 
functors exists: 

LFa*: ho{sSets^) ( > ho{sSets^) : Rtot, 
The functor Fa* takes weak equivalences to weak equivalences, and LFa* = 
Lc, where c : sSets^ — *■ sSets^ is the constant functor. From this observation, 
we conclude that Rtoi* = R lim^ . 

The proofs of Section 12.31 yield easily that for a Reedy fibrant cosimplicial 
pointed space X G Ob{sSets^) we have natural pointed weak equivalences 

(19) tot,X' ~ Rlim^X' 

(20) toCX' ~ Rlini'^"(i;x') 
and the tower of maps 

tot^X' ... tofi+^X' toflX' ... totlX' = X° 
is a tower of fibrant pointed spaces and fibrations with 

(21) toi*X' ~Rlim"^'^(toC^') 



2.5. tot and cotot. In this Subsection, let M be a model category. We extend 
the results in the previous subsections to the case of the model category M. 
For X' in ho(M^), we define totX and tot^X as objects in hoM: 

totX' ^ Rlim'^X' 
tot"X" = Rlim'^-i^X' 

Note the essential difference between tot, tot" and tot, tot": the first ones live 
in the model category sSets, whereas the last ones live in the homotopy category 
hoM of a model category. 

In the case M = sSets, if X is a Reedy fibrant cosimplicial space, then by 
(fT6|. p7| totX' ~ totX', and tot"X' ~ tot"X'. 

Dually, for Y. in ho(M^°'') we define cotot Y. and cotot„y. as objects in hoM: 

cototy. = Lcolim Y. 
cotot„y. = Lcolim '^"''(i°P)*r. 

We get natural maps 

totX' -> ... ~> toV'+^X' tot"X' ^ ... ^ tot°X' = X" 

We can see this sequence of maps as an object in ho(M^), where N has objects 0, 
1, 2, ... , oo and unique maps i —>■ j for i > j. 
Dually we get natural maps 

cototY. ^ ... ^ cotot„+iy. ^ cotot„y. ^ ... ^ cototol^. = Yq 



3. THE SPECTRAL SEQUENCE 51 

and we can see this sequence of maps as an object in ho(M^ ''). 
For convenience, we denote tot°° = tot, cototoo = cotot. 
Consequences of Theorem 11.21 and (|T6)) . p7|) . ([18]) are the two theorems below: 

Theorem 2.5. For all n G N, there are natural weak equivalences, compatible 
with maps ni ^ n2 in N 

Hom(VF,tot"X') = (Rtot")Uom{W,X') 
Hom(cotot„y., VK) ^ (Rtor)Hom(r.,VF) 

Theorem 2.6. The natural maps tot tot" , cotot„ —>■ cotot yield isomor- 
phisms 

totX' = Rhm"^'^tot"X' 
cototr. = Lcolim"^'^°''cotot„r. 

The upshot of using tot, and tot" is the following pointed version of Thm 12.51 

Theorem 2.7. For a pointed model category M, for all n £ N, there are 
natural weak equivalences compatible with maps ui — > ^2 m N 
Hom,(M^,tot"X') ^ (Rtot!^)Hom,(W^,X') 
Hom,(cotot„y., VK) = (Rtot!^)Hom,(r.,T4^) 



3. The Spectral Sequence 

In this Section we present the homotopy spectral sequence of a cosimplicial ob- 
ject in a pointed model category. In the second part, we define the dual (homology) 
spectral sequence. 

3.1. The homotopy spectral sequence of a cosimpHcial object. Let M 

be a pointed model category. 

Fix any representative 7iom,(-,-) in sSets^ ^y-M ^j^^ pointed function com- 
plex Horn, (-,-). 

For X a cosimplicial object in M and W an object in M, form the cosimplicial 
pointed space 

nom^{W,X') 

Since 7iom*(VK, X ) is not necessarily Reedy fibrant in sSets^, we choose a canon- 
ical Reedy fibrant replacement in sSets^ denoted 'Hom^{W, X' )' . 

Define the homotopy spectral sequence as 

(22) E'/{W,X') ^ E^:\nom,{W,X'y) (t > s > 0) 

where E^''^ {Hom^{W, X' )') denotes the homotopy spectral sequence of the cosim- 
plicial pointed space Hom^{W,X'y ([3], Chap. X Sec. 6). 
This spectral sequence computes the homotopy groups of 
totMom^W, X' y ~ Uoni4W,totX') 
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by Theorem EJl 

There is actuahy a better way to understand this spectral sequence, using the 
tot-tower of X' . The homotopy spectral sequence E^'*{W,X') is just the spectral 
sequence of the tot-tower of pointed spaces 

... ^ toC+^HoTO*(H/,X")' tot^nom^{W,X'y ... tot°nom^{W,X'y 
By Theorem 12.71 this tof-tower is weakly equivalent in sSets^ to 
... Hom,(W^,tot"+iX') ^ Hom4VF,tot"X') ^ ... ^ Hom^M^, tot"X") 

so we can say that Ep*{W,X ) is the spectral sequence of the (relative homotopy 
groups with coefficients in W of the) tot-tower of X' . 

3.2. The homology spectral sequence of a simplicial object. For Y. a 

simplicial object in M and W an object in M, form the cosimplicial pointed space 

Hom^{Y.,W) 

Choose a canonical Reedy fibrant replacement in sSets^ for T-lom^{Y.,W), 
denoted Hom^iY.^W)' 

Define the homology spectral sequence as 
(23) E'/{Y.,W) ^ E'/{nom,{Y.,WY) (t > s > 0) 

where Ep*{Hom^,{Y,W )') denotes the homotopy spectral sequence of the cosim- 
plicial pointed space Hom^{Y, W')'. 

This spectral sequence computes the homotopy groups of Hom*(cototY., W) 
and is the same as the homotopy spectral sequence of the tower in ho{sSets^) 
... Hom*(cotot„+iy., 14^) Hom*(cotot„y., Ty) — > ... 
Hom,(cototoy.,Ty) 



APPENDIX A 



Homotopy Limits and Simplicial Objects 



In this Appendix, for a model category, we prove that two homotopic maps of 
cosimplicial objects coincide after taking the homotopy Umit. 

Here is what we do in each of the two Sections: 

In Section [1] we recall the homotopy relation between maps of (co) simplicial 
objects in a category. The most illustrative example of homotopic maps is: if /, 5 
are two triple maps from a triple (i?, v, M) to a triple (T, z/, M), then the maps of 
the associated cosimplicial objects 

3?-(x) ^ r{x) 

9 

are naturally homotopic (Prop. II. 4p . 

In Section [21 we specialize to the case of (co)simplicial objects in a model 
category. We prove the main result of this Appendix (Thm. 12. namely that two 
homotopic maps of cosimplicial objects 

have the same effect on the homotopy limit of these cosimplicial objects (regard 
the cosimplicial objects as diagrams indexed by the category A): 

R lim'^ / = R lim^ g 



1. The Homotopy Relation 



Let C be a complete and cocomplete category. 

1.1. X. ® K. and {Y ) . Recall that the following two functors define an 
action of simplicial sets on 6^°'', and a coaction of simplicial sets on 6^: 

{X. , K.) ^ X.®K. 
where [X. ® K.)n = Uk^X^ and dually 

X sSets°P — > 

{¥■ , K.) ^ (y-)^- 
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where {{¥') )" = x/f„y". 



1.2. The homotopy relation. \i f, g : X. ] Y. arc two maps in 6^ 
we say that / is homotopic to g (write f c^. g ) \i there exists a map H that makes 
the diagram below commute: 

X.^X.® A[0] 




X.'^X.® A[0] 

Dually, if f, g : X' ] Y' are two maps in 6^, then / ~ g if there exists a 
map H that makes the following diagram commute: 



Y' = 



X' 





Let F : Ci — > 62 be a functor. The following two propositions are straightfor- 
ward: 

Proposition 1.1. If f c± g : X. — * Y. are two homotopic maps in Q^"" , then 
F{f) F{g) in ef" 

and dually 

Proposition 1.2. If f c^. g : X' — »• Y' are two homotopic maps in Cf , then 
F{f)^F{g) m 6^. 



Let us fix some more terminology, before going to the next subsection. We say 
that a (co)simplicial map / is a homotopy equivalence if there's a (co)simplicial 
map g in the other direction such that gf ~ id, fg ~ id. If X. X-i is an 
augmented simplicial object in C, and if the map of simplicial objects 

X. cX_i 

to the constant simplicial object is a homotopy equivalence, then we say that the 
whole augmented simplicial object {X. — > X-i) is contractible. If Y~^ Y' is an 
augmented cosimplicial object, and if 

cy-i ^ Y' 
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is a homotopy equivalence, we say that the whole augmented cosimplicial object 
{Y^^ -^Y') is contractible. 



1.3. Examples arising from triples and cotriples. Several typical exam- 
ples of homotopic maps come from contructions that involve triples and cotriples. 
For any triple (i?, v, M) on C 

X RX R^X 

one forms the natural augmented cosimplicial resolution Ji (X) of X 



(24) 51' (X): X — >5i{X) 

given by 



51' (X): X > RX R^X R^X ... 

It is defined by the following formulas: 

^"(X) = {n > -1) 

3?"(X)=^"(X) (n>0) 
->!r"(X), d^ = R'vR"-' (n>0,n>i>0) 
-^^"(X), s'^R^MR"^-' {n>0,n>i>0) 

Observe that by we can regard 51 (X) as a natural map from the constant 
cosimplicial object cX to the cosimplicial object 51' {X). The following Proposition 
yields an important example of contractible cosimplicial resolutions: 

Proposition 1.3. The augmented cosimplicial objects 5i ' {RX) and R51 ' {X) 
are naturally contractible. 

We don't include a proof for this Proposition. 

Instead, we choose to present in detail another important example of homotopic 
maps, that arises from considering maps of triples (refining an idea of Meyer, |12j ). 

To start, let us recall the definition of a map of triples. Suppose we have two 
triples (i?, V, M) and (T, v, M) on 6 

X RX ^ R^X 

X — ^ TX T'^X 



For simplicity, we use the same letters to denote the structure maps v, M of the 
two triples. 

A triple map / from (i?, v, M) to (T, M) by definition makes the two diagrams 
below commutative 
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X 




f 
TX 



RX^R^X 



Rf 
RTX 

fT 



TX^ 



M 



■T^X 



If 5f is a second triple map from {R, u, M) to (T, u, M) then fT oRg = Tgo fR, 
and we denote these compositions by fg : R^X T'^X. 

Let's extend this notation: if /i, ... , /„ are triple maps from {R,v,M) to 
(T, V, M), denote by the juxtaposition fif2---fn '■ R^X — > T"X the composition 

/iii"-ioT/2i?"-2o...T"-Vn 

We are ready for 

Proposition 1.4. ///, g are two triple maps from (R,v,M) to (T,v,M), then 
the maps of cosimplicial objects 



X{X) 



7-{X) 



are naturally homotopic. 

Proof. We construct a homotopy 

H : X{X) (T'(^))^™ 

by constructing i?" 

if" : — > Xa[i]„T"+1(X) 

Since A[l]„ = HomsSets{^[n], /^[l]) = HomA{n,l), we need for any map 
n ^ 1 to construct a map R"^+'^X T^+^X. 

If the map n ^ I carries 0, « to and carries i + 1, ... n to 1 (where 
— l<i< n), choose 

ff..gg : R^'+'^X T"+iX 

where in ff-.gg we have {i + 1) consecutive copies of / juxtaposed with (n — i) 
consecutive copies of g. □ 



If {U, e, A) is a cotriple on C, construct the simplicial augmented object 
U.{X): U.{X) >X 

given by 

... ri^X =^ TPX ^^ UX >X 



U':{X) : 



2. EFFECT OF HOMOTOPIC MAPS ON HOMOTOPY LIMITS 
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The dual propositions are: 

Proposition 1.5. The augmented simplicial objects U.{UX) and UU.{X) are 
naturally contractible. 

Proposition 1.6. ///, g are two cotriple maps from the cotriple (U,e,A) to 
the cotriple (V, e, A ), then the maps of simplicial objects 



U.iX) — V.{X) 



are naturally homotopic. 



2. Effect of Homotopic Maps on Homotopy Limits 

In this Section we will prove: 

Theorem 2.1. Suppose we have in two homotopic maps 

f^g:X-^Y- 

Then Rlim^/ = Rlim'^f;. 
Dually 

Theorem 2.2. Suppose we have in M'^ two homotopic maps 

f ^ g: X. Y. 
Then Jjcolira'^ f ^Lcolini'^ g. 

Proof. To prove Theorem 12.11 in general, because function complexes com- 
mute with homotopy limits (Chap. [H Thm. II. 2p . it will be enough to prove 
Theorem 12. II for the particular case when M = sSets. 

This reduces to showing that if y is a cosimplicial space, then the map 

(y- )A[o] LJ ^ 

induces an isomorphism 

(25) Rlim^(r)^["l Rlim^(r)^[il 

For a simplicial set K. and a cosimplicial space Y' we could define a bicosim- 
plicial space [Y^]" by 

[Y^]?^" = XkYP 

We have that {Y')^- = diag[Y^]" . 

The reduction to the diagonal argument (Appendix [B] Lemma ll.ip for the map 

[yA[o]]" LJ ^ [yA[i]]-- 
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combined with the factorization R 

jj^^(p,g)eAxA ^ Riin/e'^ Rlim"^'^ quickly show 
that (|25|) is true for cosimphcial spaces if it is true for constant cosimplicial spaces. 

So, the proof reduces to showing that for a sinipUcial set A (seen as a constant 
cosimphcial space) we have an isomorphism in hosSets 

(26) Rlim^(A^M) ^ ^ Rlim^(A^[il) 

We may assume that A is a fibrant simplicial set. The result now follows, 
because for a simplicial set K and for a fibrant simplicial set A we have that 

Rlim'^(A^) ~ hom{K,A) 

therefore the spaces in the equation are both weakly equivalent to A. □ 



APPENDIX B 



The Reduction to the Diagonal Argument 



In this Appendix we prove that the homotopy hmit of a bicosimplicial object 
can be computed as the homotopy Hmit of the diagonal. Dually, the homotopy 
colimit of a bisimplicial object is the homotopy colimit of the diagonal. 



1. Reduction to the Diagonal 



Here is what we want to prove: 

Lemma 1.1 (Reduction to the diagonal). Let JA he a model category. If X G 
06(M^^^) is a bicosimplicial object, then the natural map below is an ismorphisms 
in hoM; 

Rlim'^'''^ a:" Rlim'^ diag{X") 

Dually, if X.. is a bi-simplicial object, then 

Lcolim'^"" diag{X..) Lcolim"^""'''^"'' A.. 

Proof. Based on the Cofinality Theorem [4j, 62.3, all we have to show is that 
the diagonal functor diag: A — > A x A is initial. For (fcijfe) G Ob{A x A), we 
have to show that the nerve of the over category {diag | (fci, fc2)) is contractible. 

If AT is a simplicial set, AAT (the "barycentric subdivision") denotes the category 
with ObAK — simplicial set maps of the form A[n] K, and Hom/^K{oL,b) = 
commutative diagrams of the form 

NT' 

A[m] 

It is known that AAT has the same homotopy type as K. 
We have an isomorphism of categories 

{diag i {kiM)) = A{A[k^] x A^) 

It follows that {diag [ (fci, k2)) has the homotopy type of A[fci] x A[fc2], there- 
fore it is contractible. □ 
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APPENDIX C 

Edgewise Subdivision of Simplicial Diagrams 



The material in this Appendix is a rewrite for model categories of the edgewise 
subdivision techniques of Bockstedt, Hsiang and Madsen [2]. 
The edgewise subdivision functor Fk is defined for fc > 1 by 

Fkj n - 1 ) = kn-l 
where if : ni — 1 — > n2 — 1, then Fk{4') '■ kni — 1 — > kn2 — 1 is given by 

Fk{(t>){tni +i) = tn2 + (t>{i) [0 <t < k - 1,0 < i < ni - I) 

It is not hard to observe that Fkk' = FkFk' and Fi = idA- 
Fk is an initial functor, for k > 1 (sec Prop. II. 5p . 

For 1 < I < k, one constructs natural maps mJ. : idA — > Fk by 

■ ^ ~ 1 — '' Fk ( n — 1 ) given by 
u{{i) ^ {I - l)n + i (0<i<n-l) 

For fixed A; > 1, the natural maps u\ : idA — > Fk {I < I < k) are pairwise 
homotopic maps (see Prop. I1.6p . in the sense that, for any complete category C and 
for any cosimplicial object X' G 066^, the k cosimplicial maps 

Uk ■ X' — > F*X' (1 < / < fc) 

are pairwise homotopic: u]^ ~ u^* for 1 < I, I' < k. 

Our practical reason for writing this Appendix is Prop. 11.61 needed for proving 
that the cocycle relations in the proof of Chap. [TJ Thm. 15.21 are satisfied. 
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1. Edgewise Subdivision 



1.1. Properties of Rlim. In this Section we will base our proofs on the 
following two results about homotopy limits: 

Lemma 1.1 (Diagram naturality of Rlim). Let M fee a model eategory. Let D 
and D' he small categories, and suppose we have two Junctors U,V : D ] D' 
and a natural map u : U > V . 

For any "D' -diagram in M denoted X G 06(M^ ) the following diagram in 
hoM is commutative, where the vertical maps are the obvious ones: 

Rlim^ U*X ^Rlim^ V*X 



HWra X' 

Furthermore, given a natural map v : V — > W then R lini" oR lini" — R lim"" . 
If id : U — > U is the identity natural map, then Rlim*'' = id. 

Proof. Easy consequence of the right adjointness property of R lim, described 
in Chap, d Sec. O □ 

There is a dual for L colim of Lemma II. 1[ that we will not state for brevity. 

Theorem 1.2 (Hirschhorn, |9j, Thm. 20.6.11). Let D and D' be small cate- 
gories, and suppose we have a functor U : D — > D' . Then U is initial if and only 
if for every model category M the natural map in hoM 

Rlim^ X' — > Rlim^' U*X' 

is an isomorphism. 

Again, we will not formulate the dual of Theorem 11.21 



1.2. Unfolded analogs of Fk and u\. Consider the functor Gk ■ A^*^ — > A 
from the fc-fold product of A with itself, where G is defined on objects by 

Gkj ni - 1 , 712 - 1 , ■■■, nk - 1 ) = ni+n2 + ... + nfc - 1 

and Gk is defined on maps by 0/ : n; — 1 — > n'l — 1 (1 < I < k) going to 
Gfc((/>i,^2, ■•■,(/'fc) : ni+n2 + ... + Uk - I — > n'^ + + ■■■ + "-fc ~ 1 given by 

Gfc(0i>2, 'l>k){ni + ^2 + ... + ni-i + z) = 
+ 712 + ... + + ^/(i) (1 < ^ < ^, < I < n/ - 1) 

Observe that Gk is an "unfolded" version of Fk, in the sense that 
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diag^ Gk 

Fk ^ Gko diagk : A > A'"' > A 

where we denoted diagk ■ A — > A^*^ the fc-fold diagonal. 



We are next trying to create the right context to apply Lemma 11.11 to the 
functor Gk ■ A^'' — > A. Fix any integer I, 1 < I < k and consider the projection 
on the l-th factor functor 7r[ : A'**^ — > A. 

We construct a natural map v\. : 7r[ — > Gk, which should be thought of as 
an unfolded version of the natural map u'j. : id a — > Fk- The natural map v'j, is 
defined by 

: Trji ni - 1 , ..., nk - 1 ) — > Gkj ni - 1 , ..., nk - 1 ) 

vl : ni - 1 > ni + ... + rifc - 1 

vl{i) = rii + ... + +i (0 < i < n; - 1) 

Observe that v^, : tt^ — > Gk applied to diagk is 

■"fc • ° diagk — idA > Gk o diagk — Fk 



We are ready to prove the essential Proposition that will lead to proving that 
the functor Fk is initial. The reader should compare the proof of this Proposition 
with the proof of Chap. [H Thm. [El 

Proposition 1.3. For any model category M and any cosimplicial object in M 
denoted X G 06(M^), the natural map in hoM 

Rlim^'V[*X- Rlim^'^'G^X- 

is an isomorphism. 

Proof. Note that we can identify Rlim^X' — ^ Rlim^'"°7r[*X' . 

G^X is a fc-fold cosimplicial object in M. The key observation is that we can 
succesively contract the first, second, ... (skip Z-tli), ... fc-th cosimplicial dimensions 
of G^X . The resulting object after contractions is just X , and using Appendix 
[M Thm. 12.11 we get the desired isomorphism 

Rlim^X- ^ifi Rhm^'^G^X' 

□ 

At this point, it is easy to prove: 

Proposition 1.4. The functor Gk : A^'^ — > A is initial. 
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Proof. Let M be any model category. Choose any I, 1 < I < k. 
We use LemmaOfor D = A, D' = A^'', U = irl, V ^ Gk, u = v{. From the 
commutative diagram 

I 

A^k , . R, lim k Ay^k 

Rhm-^ TT^*X ^^Rlim"^ GIX 



A ■ A ^ 

we deduce that the natural map R hm X — > Rlim G*j^X is an isomorphism. 

Since the model category M is arbitrary, from Thm. 11.21 we deduce that the 
functor Gk is initial. □ 



1.3. Proofs of properties of and u)^. 

Proposition 1.5. Fk is an initial functor, for fc > 1. 
Proof. Recall that Fk — Gk o diagk- 

The functor Gk is initial by Prop. 11.41 The /c-fold diagonal functor diagk is 
initial, using arguments developed in Appendix |B] By the transitivity property of 
initial functors, it follows that Fk is initial. □ 

As a consequence of Lemma [TTT] and Prop. 11.51 it is not hard to see that given 
a model category M and X G 06(M'^) then all the k maps below coincide: 

Rlini^X' mim'^F^X' il<l<k) 

A refinement of this result is given by: 

Proposition 1.6. LetG be any complete category, and X a cosimplicial object 
in G. Then the k cosimplicial maps 

4* ; X' F*X' {l<l<k) 

are pairwise homotopic: li^f ~ mJj.* for 1 <l, V < k. 
Proof. There exists a natural map 

hk- X' — > {F*X')^^^-^^ 
hk : x^[fc„i]_^X'="-i (1 < n) 

given on the factor in the product x^[fc_]^]^_j corresponding to $ : n — 1 — > fc — 1 
by the cosimplicial structure map ^ : X^^^ — > j^fcn-i described as 
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: n — 1 — > fcn — 1 

'l'(i) = $(«)n + ?; (0<i<n-l) 

Using the natural map hk, it is easy to construct homotopies 
l<l,l' <k. 
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